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Abstract 

Let Ir{G) denote the augmentation ideal of the group algebra R{G) of a 
group G with coefficients in a commutative ring R. We give a complete 
description of the third relative dimension subgroup G H (1 + Iji(K)Ir{G) + 
and the second relative Fox subgroup G fl (1 + Ir{K)Ir{H) + 
I'^{G)Ir{H)) for any subgroups K and H of G. 

Mathematical subjects classification: 20C07 (Primary), 20 JOS (Secondary). 



1 Introduction 

It is a classical problem to study the link between filtrations of groups and of their 
group algebras. There are mainly two cases much studied in the literature, namely 
dimension subgroups and Fox subgroups. As to the first, fix a commutative ring of 
coefficients, R, with unit 1r. Now an appropriate filtration of a group G (by an 
N-series JV = {Ni} or a restricted N-series) gives rise to a descending filtration of 
the group algebra R{G) by ideals Ir^j^{G), see [15], III. 1.5] or section 2 below. For 
example, the lower central series 7 : G = Gi D G2 ^ ■ ■ ■ of G induces the filtration 
by the powers I^{G) of the augmentation ideal Ir{G) of R{G) . Pulling back the 
induced filtration {I]ij^{G)} to G defines the series of dimension subgroups with 
respect to R,Af , D^j^ (G) = Gn(H-/^(G)) . Now the so-called dimension subgroup 
problem asks whether the canonical inclusion Nn C D^j^{G) is an equality. For 
classical dimension subgroups D^iG) this is true for n < 3 and is now known to 
be false for all n > 4, by means of counterexamples due to Rips [T7j [n = 4) and 
later by Gupta [5] {n > 4). While their method is combinatorial, a homological 
approach to the problem was inaugurated by Passi, from where the notion of 
dimension subgroups relative to a subgroup K of G emerged in a natural way: 
these are defined by D^j^{G, K) = Gn{l + Ir{K)Ir{G) + I\j^{G)) . Since then. 
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they proved more and more to be an appropriate tool for the study of the classical 
case K = {1}. Many qualitative properties of relative dimension subgroups were 
established, notably by Kuz'min [11]. Nevertheless, the main problem, concerning 
their explicit computation, remains difficult, even in low dimensions n. With 
regard to the ring of coefficients, only ^{G) , n < 3, seems to be known for 
all commutative rings R, by work of Sandling [19j. Focussing on R = 7Z ^ the 
"relative" analogue of the classical dimension subgroup problem asks when the 
inclusion K^f^^ C D^^{G,K) is an equality. This is true for n < 2, and various 
conditions on G and K were exhibited in the literature ensuring that it also holds 
for n = 3. In the first part of this paper we compute D^j^ (G, K) in general and 
show that equality does not always hold, the minimal counterexample for A/" = 7 
and R = 7Z being of order 2^. We note that the computation of D^^^iG, K) , 
achieved and distributed by the author in 1994, was reproved by Tahara, Vermani 
and Razdan by different methods in [16j. 

In the second part of the paper we unify the study of relative dimension sub- 
groups with the one of Fox subgroups Gfl + I'^iG) Ir{H)) for a subgroup H of 
G. After a long history (for a review see ^ or [3]), they are now completely known 
for free groups G {M = j , R = Z), thanks to work of N. Gupta, Hurley and 
Yunus. The case of arbitrary groups is much harder; for n = 2 (and R = the 
problem was solved by K. Gupta and M. Curzio in [3] but seems to be completely 
open for n > 2. On the other hand, a first case of a relative version of Fox sub- 
groups was considered in [16j where the group Gf\{l+I ^{K)I ^{H)+l'^{G)I ^{H)) 
is determined for H normal and K being a specific subgroup of G containing 
[H, G] . Generalizing the two last-mentioned results we here determine the group 
Gn{lR+lB{K) lR{H)+Ij^{G) Ir{H)) for any subgroups H,K oiG and coefficient 
rings R. 

Although this result formally includes the case H = G treated in section 2 
by a different method, the result obtained there is much simpler and does not 
seem to be easily deducible from the more general formula in section 3. Nor it 
seems possible to generalise the method of section 2 to the latter case, because of 
the essential difference of the behaviour of additive and of quadratic functors (like 
^^,SP'^) with respect to subgroups. 

2 The third relative dimension subgroup 

Recall the notation from the introduction. In particular, recall that an N-series 
J\f = {Ni} is a descending chain of subgroups 

G = NiD N2D ...Dl 

such that [Ni,Nj] C Ni+j (with [a,b] = aha^'^h''^ for a, 6 G G). An N-series U 
induces a descending chain of two-sided ideals 

R{G) D D D . . . D 
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by defining I'^j^ to be the i?-submodule of R{G) generated by the elements 

(fli — 1) ■ ■ ■ (flr — 1) , CLi ^ , such that ki + . . . + kr > n. 

For a subgroup K of G and n > 1 define 

D^^^ (G, K) = Gn{l + Ir{K)I^{G) + Il^iG)) . 

Note that for n = 3 the case of an arbitrary N-series Af can be reduced to the 
case TV = 7 by the identity D^j^ (G, K)/N3 = DJ{G/N3, KN2/N3) , but we do not 
make use of this reduction as our method genuinly works for an arbitrary N-series. 
The main goal of this section is to prove the following result. 

Theorem 2.1 Let G be a group, K a subgroup, J\f an N-series of G and R a 
commutative ring with unit Iji . Then 

D^^{G,K) = UoN;Z2 n t,{G mod UoN,)n{U,.N,GP') 

p&cr(R) 
p odd 

where 

• Um = sgp{[a, b^] \\a,b e G,k e a^ b^ G KN2G"'}; 

• (t{R) = {p\p is a prime and p"-R = p^^^R for some n > 0}, and for p G 
(j{R) , p^ = p'^^^^ is the smallest power of p for which p^R = p'^'^^R; 

• tp{G mod = {g eG\gP'' e U0N3 for some k > 0} ; 

• Z2 = {1} if 2^ a{R), else = t2{G mod U0N3) n (U^.ii) NsG"^^^'^^' V^^^'^ ) , 
where V = {g e G \\ ^ KN2G^'^'''} if e(2) > and V = G else. 

For the proof one first reduces to the case R = ZZjmZZ via the "universal 
coefficient decomposition" obtained in theorem 1 of Then what remains to 
prove is the following. 

Theorem 2.2 Let G be a group, K a subgroup, M an N-series of G and 
m>O.Ifmis even let V = {a e G \\ a™/^ ^ KN2G"'} . Then 

Df^^iG,K) = UoN, 

D^,z/mAG, K) = U^N^G"' if m is odd 
D^^/mAG, K) = UmNsG^'^V^ if m is even. □ 

For K = {1} one rediscovers a result of Sandling [19]. Some other special cases 
are resembled in the following 
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Corollary 2.3 The inclusion C Dj ^{G, K) is an equality if one of the 

following conditions holds: 

(1) [K,G] C G3 (cf. HE, Theorem 5.9]); 

(2) there exists a normal subgroup N G G such that G = NK and N (1 K is 
central in G (cf. ITOij): 

(3) K is normal and G/K is cyclic (cf. /iJj Theorem V.5.4]); 

(4) one of the following three groups is torsion-free: G/K2G3 (cf.JTUj), 
[G,K]G^/K2G^ or G I KG-,; 

(5) the abelian group KG2/G2 is divisible. □ 

These facts are easily derived from theorem 12.21 or the - essentially equivalent 
- theorem I2.6[ 

Nevertheless, theorem 12.21 surprisingly shows that the inclusion K2G3 C ^{ 
G, K) is not always an equality, as was suggested by the known partial results 
reviewed in 12. 3[ Indeed, we find counterexamples which are p-groups for any 
prime p, see 12.41 below; this is in contrast to the case of classical dimension 
subgroups (i.e. K = 1) which coincide with the terms of the lower central series 
of G unless p = 2 (due to a recent result of N. Gupta). 

Example 2.4 Let p be a prime and < r < s. Define 

G = {x,y\l= x^"*^ = yP'^' = [x, [x, y]] = [y, [x, y]] ) . 

Let K = sgp{xP\yP\[x,y]}. Then z = [x,yf = [x, y^'] G Dl^{G,K) hym 
but z has order p modulo K2G3 = {!}. □ 

In order to prove theorem 12. 2^ we need to study a related quotient of the group 
algebra. The relative polynomial group is defined by 

P^niG, K) = lR{G)/{In{K)In{G) + /]^+^(G)) . 

It generalizes the well-known polynomial group of Passi, P^fi{G) = P^^{G, 
{1}) , see [13] or also [15]. Also the relative version is implicit in the work of Passi 
and various other places in the literature. For a discussion and more properties, 
in particular of the torsion subgroup and the torsion-free quotient of -PJx(^' ^) ' 
see [7]. Here we only resemble some elementary properties in the following 

Lemma 2.5 Let K <G be a normal subgroup. Then P^ji{G, K) admits a left 
R{G / K) -module structure induced by multiplication in Ir{G) , which makes the 
canonical map 

P^,R-G-^ P^RiG, K), a ^ (a - 1) + /«(ir)/^,(G) + /^^^(G) 
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into a (left) derivation, p^ji{ab) = a^^{h) + p!^ji{a) for a,b E G. Moreover, 
there is an exact sequence of R{G j K) -linear homomorphisms 

where i is induced by the inclusion K "-^ G , p^R^ ^^^^ denotes its R -linear 
extension, TcAf is the N-series ixMi = 'Tc{Ni) with tt : G^G/K , PnR{'^){^ " 
1} = {aK — 1}, and where the R{G/ K) -action on the left-hand term is induced 
by R-linear extension of the {G/ K) -action induced by conjugation in G . □ 

Note that by definition, 

KNr.^,nD^^,^^iG,K) 



K.N, 



n+l 



which is nontrivial in general; indeed, in the case K = Nn one rediscovers the 
classical dimension subgroup problem, so that in taking G to be the group of 
Rips [TT], K = G3 and A/" = 7 we have Ker {p'^^i) 7^ {!}. In the next theorem 
we calculate Kei (p^^i) by extending the sequence in Lemma [2.51 on the left, as 
follows. 

Consider the following part of a six-term exact sequence for the tensor and 
torsion product of abelian groups. 

TorfiG/KN2,G/KN2) ^ {G / KN^) ® {KN2/N2) {G / KN2) ® {G /N^) 



^ {G/KN2) {G/KN2) 

Here j, q are the canonical inclusion and quotient map, respectively. Moreover, 
commutation in G induces a homomorphism 

[, ] : {G/KN2) ® {KN2/N2) KNs/K2Ns . 



Theorem 2.6 Let K be a normal subgroup of a group G . Then the following 
sequence of natural homomorphisms is exact: 

Torf{G/KN2, G/KN2) ^ KN,/K2N^ P^^ (G, K) "^'^^ P2%{GIK) ^ . 

We remark that this result admits an application in group cohomology with re- 
spect to the variety of 2-step nilpotent groups, thus solving a problem of Leedham- 
Green. This will be presented elsewhere in a more general context. 

The proof of theorem 12.61 requires a homological lemma which is useful also 
elsewhere. 
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Lemma 2.7 Let A be an abelian group and B ^ A a subgroup. Consider the 
following homomorphisms 

(A/B) (g)B^A0B^AAA^A®A^ (A/B) ® A 

where A A A = A A/sgp{a a\\a E A} , a A a' = {a a'} , v{a ®h) = a Ah, 
l{a (S> a') = a® a' — a' ® a, and where q is the quotient map. Then 

Ker{{q id)i) = z/(g ® zrf)~^Im(r : Toif {A/ B, A/B) {A/B)®B) , 

where r appears in the following part of a six-term exact sequence, 

Torf (A/5, A/B) ^ {A/B) ® 5 ^ {A/B) a'^ {A/B) ® {A/B) . 



Proof : Consider the following commutative square 



AAA 



Ai^A 



A/B^A 

id®q 



{A/B) A {A/B) 



{A/B) ® {A/B) 



As the map £ is injective for all abelian groups (see pj), Ker ((g id)€) is contained 
in Ker(g ® q) = Im(i^) , whence 



Kei{{q®id)tj = u Ker {{q ^ id) iu) 
= i/Ker(g(8>j) 
= 1/ Ker {{id IS) j){q ® id)) 
= ^{q S) id)~^Kei{id <S) j) 
= iy{q S) id)^Hm{T) . 

□ 



Proof of theorem 12.61 : Consider the following commutative diagram of ho- 
momorphisms 

{G/N2) A{G/N2) ^ {G/N2)®{G/N2) ^ {G/KN2)®{G/N2) 



P2,zr j2 



Iz,Af^G)/I^^{G) — » T'A — Tn\ 



where 



c{aN2 A bN2) = [a, b]N3 , fi{aN2 ® bN2) = (a - 1)(6 - 1) + I^{G) 
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and where q is the canonical quotient map and jl is induced by /i. Indeed, 
Ker (g) = /i Ker (g ® id) , so the right-hand square is a pushout of abehan groups 
(cf. [H]), as is the left-hand square by the identity Q^^{G) = \l2^'^{G) = 
{G/N2) ® {G/N2)/lKeT{c) obtained in [H], see also [2] (and which can also be 
derived from Passi's theorem that Dj{G,(i{G)) = G3, see [Ul V.5.9], by using 
his technique in [15^ VIII. 8. 7]). So by general nonsense (gluing of pushouts, which 
is easily verified by using the universal property), also the exterior rectangle is a 
pushout. Therefore, 

(G n (1 + IAK)IAG) + I^m{G)))IN, = Ker(gp^^) = cKer((g ® td)i) 

where the first identity follows from the elementary relations 

G n (1 + /x(iV)/x(G) + il^j^iG)) c G n (1 + il^j^iG)) = N2 . (1) 

Now apply Lemma 12.71 for A = G/N2 and B = KN2 / N2 ■ Then one has 

cz/Ker(g ® id) = cv{{KN2/N2) ® {KN2/N2)) = {K2N;)/Ns , 

so the result follows from commutativity of the following diagram. 

{G/KN2) ® {KN2/N2) 
[,] 

{{KN^) n N2)/K2Ns 

□ 

Proof of theorem 12.21 : We first observe that K may be replaced by the 
normal subgroup KN2G"^, indeed, 

Ir{KN2G^) = Ir{K) + Ir{N2) +mlR{G) = Ir{K) mod /|^(G) , 

whence 

Df^(G, K) = Dfj,iG, KN2G"') = N2G"' n (In + lRiKN2GniRiG) + 4^^(G)) 

(2) 

where the second equation is obtained from the estimate 

Gn{lR+lR{KN2G"')lR{G)+llj^{G)) c Gn(lfi+4^^(G)) = Gn(l^+4(G)+/R(iV2)) 
together with the isomorphisms 

Ir{G)/{IUG) + Ir{N2)) = R®{G/N2) = G/N2G^, 



1^ {G/N2) ® {KN2/N2) 



{G/N2) A {G/N2 



\ 



N2/K2N3 



N2/N^ 
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cf. ( !TT|) and below. Together with ([T]) and theorem 12.61 we obtain identities 
D^^{G,KN,G"') ^ KN^G^ n (1 + I^{KN2G'^)I^{G) + 

= Ker(p^i) 

= Im([, ]r: Torf (^/(i^'iVaG™), ^/(iriVsG'"^)) 

{KN2G'^)/{K2N^{G'^)^)) (3) 



To make the last term explicit we use the description of the torsion product of 
abelian groups and the connecting homomorphism given in [12j V.6]. In fact, let 
{xi,k,X2) be a generator of Torf (G/i^A/'aG™, G/fsTATaG"^) , i.e., k e Z , = 
XiKNiG"^ for Xi^G such that G KN2G"', i = 1,2. Then [, ]T{xi,k,X2) = 

Im([, ]r) = f/™iV3/ir2iV3(G™)2 , (4) 

noting that Um contains K2{G"^)2- By and ([3]) this proves the assertion for 
m = 0. 

The case m > 0. In the sequel we shall frequently use the canonical identifications 

R(g) X = X/mX = X (g) R, Ir® X X + mX X (g) 1r (5) 
for abelian groups X , and the fact that (™) (x ® 1/?) = — (™) (x (S) 1_r) . 

We start with the observation that P^ji{G, KN2G'^) = R0P^^{G, KN2G"') . 
Now consider the following commutative diagram. 



Toif{R,Pl^{G/KN2G"')) ^ R®{KN2G"'/UmNz) -^^ R(S) P^^{G,KN2G 



Toxf{R,Plx{G/KN2G"^)) ^ Torf (i?, G/i^A^sG™) ^ R®SV'^{G/KN2G"^) 

The lines are parts of the six-term exact sequences associated with the short 
exact sequences 

{{G/N2)A{G/N2))/Kei{{q®id)e) ^^^\g / KN2G'^)®{G /N2) ^ ^V^{G / KN2G'^\ 
{KN2Gm{U^N^) ^ P^^{G,KN2Gn "ST^ P;[^{G/KN2Gn 
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SF^{G/KN2G"') ^ Pl^{G/KN2G'^) ^ G/KN2G'^ (6) 

In the first sequence, q denotes the canonical quotient map. The second sequence 
is obtained from I2.5( ([3]) and (j4]). The third sequence is due to Passi [Hj, where 
SP^ denotes the symmetric tensor product, and ppl^{gKN2G^) = gKN2G"^ . 

Our goal is to compute Ker {R ^ p^^i) = Im(r2) . First note that tensoring 
with R = TZjmTZ leaves the first sequence unchanged by ([5]); this imphes that 
Ti = . So r2 factors through a map 

f2 : Ker(r3) = Im(p,) ^ coker(/i,) R® {KN2G'^ /U^N-i) , 

so that 

Im(r2) = Im(f2) . (7) 

In order to calculate Ker (rs) we use the canonical identification oiToif {ZZ / mZZ , A) 
with the subgroup A(^rn) of m-torsion elements of an abelian group A. 



Lemma 2.8 For an abelian group A and m > , one has 



A(^m) if ^ is odd; 



Proof : The assertion is true for m = by exactness of sequence ([6]) and since 
for m = 0, A(^rn) = A = v4(™). So suppose m > 0. For a G A(^rn) one has 

-1/ 



iR®fi ^{plAa"^) - ( ^ \pIMpIAo)) 



= Ir® ja(g)a. 

If m is odd, (™) is divisible by m, so r^i^a) = 0. Now suppose that m is even. If 
a = xy, y & ^(m/2) , x G A(^m) such that x = for some x E A, then 

(Ul\ / 777, \ ^ 777 ^ 

2 + 1^ ® 2( jx®?/ + lij ® (771 - 1)—?/®!/ 

= 0. 

To prove the converse inclusion, Ker(r3) C H A'^)A(^rn/2) , we may by a stan- 

dard argument suppose that A is finitely generated. Choose a decomposition 
= 0p J, 7Z Ip^ 7Z ■ ap^r of the torsion subgroup of A. Then any a G A(^rn) 
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can be written in the form a = Hr '^?r with x E A such that G A(^rn) , and 
Cr E TZ such that is odd if it is non-zero. As above, we get 



r 



m ' 
2 



Now suppose a e Ker(r3) . Then it follows from the decomposition SP2(v4) = 
0p ■S'/p''^ • Op^r^Op.s that (^)c^ = mod {2^,m) for all r. This implies that 
yc^ = mod 2'' for all r, whence (nr«2yr)^ = 1- Thus a G n A'^)A^rn/2), 

as asserted. □ 

For A = G/KN2G"' we have A(^) = A. Write g = gKNiC^ for g eG. Let 
a G Ker (ts) . Then by the lemma, a = x^y where x,y E G such that y = 1 if m 
is odd, and y~ G KN2G^ if m is even. One has 

P*{2pl^{x) + pl^iy)) = a 

and in P^^ {G , K N2G"') , 

m{2p^M+p^M) = P^Ax^n-( . ]-Kx®xN2) 



^ 2 ^ 

Whence 
and 

f2(a) = r2(2p^,^(x)+p^,^(y)) = ln®{x'"'y"'U^Ns) (8) 

= 2-l^^®(x"^f/„iV3) + lR®(y™f/^iV3). 

The latter equation shows that for odd m, Im(f2) = iR^iG^UmN^/UmN^) . Now 
abbreviate V^*") = if m is odd, and 1^^"^^ = (7201^™ ^ -g gygj^^ Then by 
([7]) and ([8]) we obtain 

Ker (i? ® p^^^i) = Im(r2) = Im(f2) =Ir® (V^^^^UMUmN^) . 

Then the factorization 

^ P2^r(G, KN2G"') 
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shows that 

KN^G"' n (1 + Ir{KN2G^)Ii^{G) + IIj^{G)) = Kei{p^^^i) = U^N^V^^'^ , 

also noting that l/^*") contains (/sTiVaG"")™. Together with ^ this proves the 
theorem. □ 

3 The third relative Fox subgroup 

We consider the following common generalization of Fox subgroups and of relative 
dimension subgroups: 

Definition 3.1 Let G he a group and H,K be subgroups of G . For a commu- 
tative ring R with unit Ir let Ir{G) denote the augmentation ideal of the group 
algebra R{G) . Then define the 'n-th relative Fox subgroup with respect to 

HjKjW to be the term 

G n (1^ + R{G)Ir{K)Ir{H) + II{G)Ir{H)) , (9) 

with n > and Il{G) = R{G) . 

Note that for H = G and K normal in G this group is the n + 1-st relative 
dimension subgroup with respect to K introduced by Passi (cf. [15j). On the 
other hand, for K = {1} we rediscover the classical n-th Fox subgroup of G with 
respect to H. The mixed case {H ^ G and K ^ {1}) seems to have been first 
studied by Tahara, Vermani and Razdan [16j where the group (Q is determined 
for n = 2, R = Z , H normal and a specific subgroup K of [H, G] . 

We determine the group ([H]) for n < 2 in full generality, as follows. The case 
n = is elementary; here 

Gr\{lR + R{G)lR{H)) = H, (10) 
cf. IHl Lemma 7]. For n = 1 we have the following. 

Proposition 3.2 Let tlr denote the characteristic of R. Then the following is 
true, where we use the notation of theorem \2.1l 

(1) IfnR = then 

Gn{lR + Ir{G)Ir{H)) = H2 Y[ p%{H mod H^) . 

pecr{R) 

(2) IfnR>0 then 

G r\{lR + Ir{G)Ir{H)) = H^H''^ . 
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Proof : Consider the following sequence of homomorphisms 



RiG)In{H) ^ IniH) ^ R®I^{H) ^ I^iH)\ ^ 

(11) 

where the first one is given by hH2 ^ h ~ 1 + Ir{G)Ir{H) . The composition is 
the canonical morphism : H/H2 — > -R {H/H2) . By (fTOl) we have (G fl {1r + 
Ir{G)Ir{H))) / H2 = Ker(jij) , which was computed in [U Lemma 6]. The formula 
provided there gives the result. □ 

For n = 2 one uses the universal coefficient decomposition obtained in [HI 
Corollary 3] to reduce from an arbitrary coefficient ring R to the case that R = 
7Z jmTZ ^ m > 0. Then the computation is completed by the following result. 

Theorem 3.3 Let G be a group and H,K be subgroups of G. Let m > and 
R = Zi/mZ:. Then 



(i) Gn {1r + Ir{K)Ir{H) + IUG)Ir{H)) = , 

Sm = sgp{ n [h, k^'g"" lU = n ' bieZ, and G H: 

34 > : A;-^^- e H2H"' and JJ }fHk-a,H+{"i)bnb, ^ kG2G'^^} . 

heH 

(a) If H/H2 is finitely generated we have the following improvement of (i). 
Choose a decomposition iJ/ifs^™ = @l^^Z/dkZZ ■ (/ifcifs^™), E H . 
Then 

G n (Ifi + Ir{K)Ir{H) + II{G)Ir{H)) = SfjH^.H'^" , 

r 

= sgp{ n ^i]"" (H ^'')" II heZ,^l<k<r: 

Remark 3.4 (1) It is easy to check directly that G fl (1r + Ir{K)Ir{H) + 
I]^{G)Ir{H)) contains the canonical subgroup HsV^""^ T1T2 where l^™^ = i7™ if 
m is odd and l4™^ = H^-'^W''^ with = {/i G if || /i'"/^ G fsTGaG™} if m is even, 

Ti = sgp{ [/i, II /i, A; G fi, g G ^, /i^ G KG2G"'} , 

T2 = sgp{ [h, miheHf] iTGzG™, A; G if n A^GsG^G^ g G ^, /i« G iis} • 
Note that Ti contains [H n KG2G"' , H n ATGaG™] . 
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(2) Compared to the description of G n (1^ + P^{G)Iz{H)) in |3j for finitely- 
generated G the one given in theorem I3.3( ii) - apart from being more general 
(only H/H2H^ finitely generated instead of G/G2, arbitrary R and K) - has the 
advantage not to require the choice of elementary-divisor- comj)atz5/e generators of 
G/G2 and HG2/G2 but just the choice of any basis of H/H2H'^. 

Proof of theorem 13.31 : In the sequel we shall frequently use the remarks 
around ([5]). Consider the following commutative diagram, where we abbreviate 
{H/H2r = iH/H2)A{H/H2). 



{H/H2 



{H/H2) {H/H2) ® R 



{G/KG2) ® {H/H2) ® R 



H2/H3 



P2,R 



iUH)/mH) 



Ir{G)Ir{H) 



In{K)In{H) + If,{G)lRiH) 



(12) 



where for a,b, h & H , g & G, and r ^ R 

l{{aH2) A {hH2)) = (aG2) (6^/2) ® 1/?^ - (&G2) ® (0/^2) ® Ir , 

c{{aH2) A {bH2)) = aba~^b-^H3 , 

yU//,fi((aG2) ® {bH2) ®r) = r{a - l){b - 1) + 4(if) , 

f^G,Rii9G2) ® {hH2) ® r) = r{g - l){h - 1) + Ir{K)Ir{H) + II{G)Ir{H) , 

and where i and j are induced by the inclusion H ^ G. 

By proposition E21 G f] {ln + lRiG)IniH)) = i/a^^™- Modulo Ir{K)Ir{H) + 
11(G) I r{H) , we have ioi h' e H2,h e H 



h'h' 



Ir = [h' ~lR)+m{h-lR)+[ ^]{h-l 



m 



^R) 



= j{p2,R{h') + (^liuAhHi ® hH2 ® 1/j)) . (13) 

Now we use the crucial fact ([S], proof of theorem 3.1) that the right-hand square 
of diagram f|T2l) is a cocartesian (or pushout) square which implies that Ker(j) = 
/x/f^ijKer {i id R) . Using this and proposition 13.21 we conclude that x E G H 
{Ir + Ir{K)Ir{H) + I'^{G)Ir{H)) if and only if x = h'k^ as above such that in 
Il{H)/Il{H), 

^ UH,R{hH2®hH20lR) E fiH,RKei{i0id0R) . (14) 



This situation is further analyzed in the following two lemmas. 
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Lemma 3.5 The preimage of the subset P2,r{H2H^) C I^{H)/Ifj{H) under 
the map fiH,R is 

Y lm(£) + { {hH2 ®hH2®lR)\\heH} C {H/H2) ® {H/H2) ® R . 

Proof: First of all, jjiufiiX) = P2,r{H2H"^)] this follows from f[T^ and the 
diagram above. Secondly, we show that Y contains Kei (fin^R) ■ For this purpose, 
recall the isomorphism Il{H)/Il{H) = U2L(G') = {{H/H2) ® {H / H2)) / lKei{c) 
from |2j. Using the six-term exact sequence for the tensor product one deduces 
exact sequences 

Ker(c) ^ {H/H2) ® {H/H2) ® R {ll{H)/ll{H)) ®R^0 

ToTf{H/H2,R) ^ {ll{H)/ll{H))®R '-^ {I^{H) / ll{H))®R ^ {H/H2)®R ^ 

where u is the inclusion and vr is the quotient map modulo Im(z/) , combined with 
the canonical isomorphism Iz(H)/l'^(H) = H/H2. Identifying Toj:f(H/H2,R) 
with the set of m-torsion elements of H/H2, let h & H such that & H2. Then 

T{hH2) = u-\mp2,E{h)) ®Ir= (p2,^{h'^) - (^^fiH,zihH2 ® hkH2)^ ® Ir. 

Using the canonical isomorphism {I^{H)/ I^{H)) ®) R = (Ir(H)/ If^{H)) , we 
deduce that Kei {^h,r) = Ker((z/ ® R){fiH,z ® R)) CY. 

It remains to show that F is a subgroup. Let x,y E {H/H2) A {H / H2) and 
h,ke H. Then 

{i{x) + (^"^ {hH2 ® hH2 ® Ir)) - + (^"^ {kH2 ® kH2 ® 1^; 

(7Tl\ ( lTl\ 

2 j {hkH2 hkH2 1r) + (j {hH2 ® kH2 ® Ir) 

2 j {kE2 ®hH2®\R)-2[\ {kH2 ® kH2 ® Ir) 

= i[x-y+(^'^ {hH2 A kH2)) + (^"^ {hkH2 ® hkH2 ® Ir) 
e Y. 

Thus the lemma is proved. □ 
Lemma 3.6 One has Y fl Ker{i ^ id^ R) = Tm, with 
Tm = {^( ahk{hH2AkH2)) + \^{gH2®gH2®lR)\\g = \{f' , all dhkM G 
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such that \/k eH:3dk>0: k'^^ E ifs^" and JJ h'''^k'a,^+{'^)b,,b, ^ f^^'sG"^"} • 

If H is finitely generated, we have (with the notation of \3.3[ (ii)) 

Y n Ker{i ®id®R) = TJ^ , 

TL' = {t[ aij{h,H2AhjH2)') + C^^ {gH2®gH2®lR) \\g = Y ^^^^ ^^^^ 

l<i<3<r ^ ^ 1=1 

V 1 < A; < r : hP'^" \[ h';^^^(^>^'"' J] j^j^^Mlh"'^ ^ KG2G''^] . 

i<k j>k 

Proof: Let y eY , i.e. y = l{Y.h,k^H^hk{hH2AkH2)) + {'^){gH2®gH2®lR) for 
some a^k E Z , g E H . Consider an arbitrary decomposition g = Ylif^H^^^^ ^ 
Z. Using the isomorphism a : {G / KG2)®{H/ H2)®R = {G / KG2)®{H / H2H'^) 
we obtain 



a{i(^id(^R) [y) = Y ""hk {{hKG2) {kH2H^) - (fcKGa) ® {hH2H" 

h,keH 

+ (7) 5Z KK{hKG2)®{l2H2H"') 
= 5Z ( n h^'^'-''^^+(^^^'^^^KG2^ ® {kH2H"') (15) 

So if and the chosen decomposition of g satisfy the condition in the definition 
of Tra then it follows from bilinearity of the tensor product that {i®id®R){y) = 0. 
Whence Tm G Y (1 Ker {i ® id ® R) . To prove the converse inclusion we may by 
a standard argument suppose that H is finitely generated. Then y E Y can be 
written in the form 

y = ^{ Y ai3{hiH2Ah.jH2)) + (^\gH2®gH2®lR) 

l<i<j<r ^ ^ 

with g = Y[i=i K'' ' h E ZZ . To see this just observe that {H / H2)®{H / H2)® 

R = {H / H2H'^)®{H / H2H"^) and that £ factors through {H / H2H"^)A{H / H2H"') . 
Now we use the composite isomorphism 

m : {G/KG2) ® {H/H2) ®R ^ {G/KG2) ® {H/H2H^) = 

r r 

Q{G/KG2)®{Z/duZ-{huH2H'n) = ^G/{KG2G'''^) 

k=l k=l 
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By (1151) we have 

k=l \ i<k j>k / 

So y n Ker{i ^ id (g) R) = T^s . Moreover, T^^ c T^; to see this, let ank = k = 
unless h,k,l G {hi, . . . , hr} , and a/j.^. = ii i > j . Then an element of T^f 
satisfies the conditions defining in taking dk = m if k ^ {hi,...,hr} and 
dhk = dk for 1 < k < r . Thus also the inclusion Tm C Y n Ker {i ^ id<S) R) 
already proved is an equality, as asserted. □ 

Summarizing the above we obtain equations 

P2AG n {Ir + Ir{K)Ir{H) + IUG)Ir{H))) = finATm) = P2,R{Sm) , 

analogously for and S^^ , where the first equation follows from (IT^ , Lemmas 
13.51 and 13. 6[ and the second one from (fT2|) and (fT3|) . So it only remains to observe 
that Ker(p2,i? : ^2^" P2AH)) = Ds^H) is contained in vj"^ by Sandling's 
formula for Ds^H) , see [ig (or theorem O above for = {1}), and that vj"^ 
is contained in Sm and by remark 13. 4[ Thus theorem 13.31 is proved. □ 
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